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NONLINEAR STABILITY OF RAREFACTION WAVES
FOR A VISCOELASTIC MATERIAL WITH MEMORY

HARUMI HATTORI

Abstract. In this paper we will discuss the stability of rarefaction waves for

a viscoelastic material with memory. The rarefaction waves for which the sta-

bility is tested are not themselves solutions to the integrodifferential equations

(1.1) governing the viscoelastic material. They are solutions to a related equi-

librium system of conservation laws given by (1.11). We shall show that if the

forcing term and the past history are small and if the initial data are close to

the rarefaction waves, the solutions to (1.1) will approach the rarefaction waves

in sup norm as the time goes to infinity.

1. Introduction

In this paper, we will discuss the nonlinear stability of rarefaction waves for

a system,

(1.1)        V, = UX,     U, = o(V)x+ [    a'(t-x)<p(V)xdx + f(x,t),
J—oo

with the initial data

(U(x,0),V(x,0)) = (U0(x), V0(x)),       xeR,

(L2) lim (Uo(x),V0(x)) = (U±,V±).
x—>±oo

The above system can be derived from

(1.3) w,t = a(wx)x+        a'(t-x)(p(wx(x,x))xdx + f(x,t),
J — oo

by setting U — w, and V = wx . In this paper, for a and cp we require that

aeC\R),    a'>0,    a">0,

<t>eC3(R),    $ >0,    4>">0.

For a(t) we assume

(1.5) a, a', a" e Ll(0, oo),     a is strongly positive definite on (0,oo).

Furthermore, we assume
/•OO

(1.6) /    t\a(t)\dt< oo,    (a')A(z)¿0   Vzell,
_      Jo
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(1.9)
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where A means the Laplace transform and n = {zeC|Rez>0}. The
assumption (1.5) implies

(1.7) ¿z(0)>0,     ¿z'(0)<0.

In what follows, we assume without loss of generality

(1.8) ¿z'(0) = -l.

Integrating the integral term in ( 1.1 ) we obtain

V, = UX,

Ut = x(V)x+ [ a(t-x)<)>(V)x,dx + a(t)(t>(Vo)x + h(x,t),
Jo

where

(1.10) x(V) = o(V) - a(0)<P(V)

and
,o

h(x,t)=        a'(t-x)<j>(V)xdx + f(x,t).
J — oo

In order that the equilibrium system

(1.11) V, = UX,     Ut = X(V)x,

be hyperbolic and genuinely nonlinear, we assume that

(1.12) />0,    x">0.

The condition x' > 0 means in particular that the equilibrium stress modulus
is positive.

As the form of (1.9) suggests, the asymptotic behavior of the solution for
(1.9) and (1.2) is closely related to the Riemann problem for (1.11) with

(1.13) W,V)(x,0) = W¡,V¡)W = {%l[y^       III]
We should note that system ( 1.1 ) is not invariant under dilations of coordinates

while system (1.11) is.
For each constant state, we define the rarefaction curves 7?i and R2 through

(U- , V-) in a neighborhood co of (t/_ , VJ) by

(1.14)

Ri(U-, V-)= UU,V)£co\U=U-- f   Ài(s)ds, with U <U-\ ,

R2(U-, V-) = l(U,V)eco\U = U-- j  X2(s)ds, with U <U-\ ,

where Ài(s) = -\Jx'(s) and k2(s) = y/x'(s) ■ In (I-14) -^l (resp. R2) is
the state which can be connected through (U-, VJ) by the backward (resp.

forward) rarefaction wave. We also define RR as a part of co such that

(1.15)

RR(U-,V-) = \(U,V)€co\U <U-- Í   Ài(s)ds,U <U-- Í   À2(s)ds\.
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Define S = \U+ - U-\ + \V+ - V-\. Then, there exists a positive constant ôo

such that if (U+,V+) € RR(U-, V-) and ô < ô0, then there is a unique

(Um, Vm) e Ri(U- , V-) satisfying (U+ , V+) € R2(Um, Vm). In what follows,
we discuss the case when ([/+, V+) e RR(U-, V-) and ô < öo. Then, the
solution of the Riemann problem (1.11), (1.13) consists of centered rarefaction

waves. This solution will be denoted by (Ur, V)(x/t). Our goal is to show that

the solution of (1.1) and (1.2) approaches the rarefaction wave (Ur, V)(x/t)

as t -> +00 provided that the initial data are suitably close to (U{¡, V¿). More

precisely, we assume

(1.16) Uo-U¿,V0- V¿, Uox, V0x , U0xx, V0xx e L2(R)

and set

/oo
{(i/o - Co')2 + (Vo- V¿)2 + U¿x + V¿ + U2XX + V02xx} dx

-oo

+ \U+-U-\ + \V+-V-\.

For h(x, t) we assume

h,hx,h,e C([0, oo); L2(R)) nL°°([0, oo); L2(R)),

\\h\ff e ¿'[O, oo),  h,hx,h,,hx,e L2([0, oo); L2(R))
(1.17)

and set
/oo

{h2 + h2x + h2}(x, t)dx
-co

/»CO       /»OO

+ /     /    {h2 + h2x + h2 + h2xt}(x,t)dxdt
Jo     J-oo

/•oo   /   /-oo \ 4/3

+ /    I /     \h(x, t)\dx\     dt.

Then, we have the following theorem.

Theorem 1.1. For each fixed (U-, VJ), there exists a positive constant Zo such
that if (U+, V+) € RR(U-, V-) and ô + Z0 + H < e0, then the initial value
problem (1.1), (1.2) has a unique global solution in time satisfying

u-ur,v-vr,u,,vt,vx,uit,v„, vx,, vxx

E C([0, oo) ; L2(R)) n L°°([0, oo) ; L2(R)).

Furthermore, the solution to (1.1), (1.2) will approach the equilibrium rarefaction

waves as t goes to infinity in the maximum norm, namely

(1.18) sup|(t/, V)(x,t)-(Ur, V)(x/t)\^0   ast^oo.
xeR

Remark 1.1. It should be noted that system (1.1) is not invariant under diala-

tions of coordinates, and thus the rarefaction waves for which the stability is

tested are not solutions to system (1.1).

Remark 1.2. The condition (1.17) implies that the rarefaction waves, the initial

perturbations, and the past history should be weak.

To prove this theorem we first approximate (Ur, V) by a smooth function

(y>, y/). This will be described in §2. In this section, we also introduce the new
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variables u = U-y>, v = V—y/, which are perturbations from (y>, y/). In §3,

we discuss the properties of the kernels associated with the kernel a(t). In §4

we will state Proposition 4.1 for (u,v), which will imply Theorem 1.1. This

will be shown in Proposition 4.2. The proof of Proposition 4.1 will be carried

out in §5. The proof is based on the energy method and along the line of Hrusa

and Nohel [4].
System (1.1) describes a one-dimensional motion of an unbounded, homo-

geneous, viscoelastic bar. The integral term represents the memory effect and

induces subtle dissipation. The global existence of a classical solution for small

initial data was obtained by various authors. In the case when <f> = a MacCamy
[9] discussed the initial-boundary value problem and Dafermos and Nohel [1]

discussed both the initial and the initial-boundary value problems. In the case

when (p t¿ er Dafermos and Nohel [2] discussed the initial boundary value prob-

lem and Hrusa and Nohel [4] discussed the pure initial value problem. In the

initial value problem, they prove: Under suitable assumptions on the material
functions, the kernel, and the forcing term and for sufficiently small data be-

longing to 772, the Cauchy problem (1.1), (1.2) has a unique solution (U, V)

for 0 < t < oo ; moreover, U, V, Ux, U,, Vx, V, —► 0 as t -» oo uniformly

in x . As they assume that the initial data are in 772 , the initial data Uo and

Vo approach zero as x —► ±oo . The case when Uo and V0 approach nonzero

constant states as x —► ±oo has not been discussed yet. In this paper we discuss

such a case when the initial data are perturbations from rarefaction waves.

As for the Riemann problem, the Riemann data problem for the scalar equa-

tions modeling (1.1) has been discussed by MacCamy [10] and Greenberg and

Hsiao [3].
The stability of rarefaction waves has been studied for viscous hyperbolic

conservation laws [7, 11, 13, 14] and hyperbolic conservation laws with relax-

ation by the energy method [5]. Therefore, it is of interest to extend the result
to the case where the dissipation is given by the fading memory. We should

note that as the rarefaction waves for which the stability is studied, we choose

the equilibrium rarefaction waves for the system constructed from the equi-

librium characteristics, À = ±yfxj • and not the instantaneous characteristics

A = ±yfo~'. The significance of the equilibrium characteristics is discussed in
[6] in conjunction with travelling waves. It is also interesting to understand

the importance of equilibrium characteristics for the rarefaction waves. In this

paper we discuss the case when a ^ <f>.

2. Smooth approximate solution of the Riemann problem

In this section, using the idea of Matsumura and Nishihara [11], we will

construct a smooth approximate solution to (Ur, V). In what follows, we will

use || • || to denote the L2 norm and || • ||, to denote the 77' norm unless it is

explicitly specified.
Consider the Riemann problem for the simplest equation

(2.1) w, + wwx = 0,

¿<><v. ,      m       íW-> X<0>(2.2) w(x, 0) = i

We assume that W- <w+ . Then, the solution to (2.1) is given by the centered
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rarefaction wave

(W- , ¿j < W- ,

¿J, W-<H<W+,

w+,       £>w+,

where t\ = x/t. We approximate this solution by the solution of the following

problem

(2.4) w, + wwx = 0,    w(x,0) = w0(x),

where Wo is given by

,_ ,, ,   .       W+ + W-       (W+-W-)
(2.5) w0(x) = -±-1-+ ^-^-í tanhx.

The choice of w0(x) is rather arbitrary.  However, it makes the following
estimates easier.

Lemma 2.1. The problem (2.4) has a unique smooth global solution in time

satisfying the following
(i) W- <w(x, t) <w+, wx > 0 for all x e R and t > 0.
(ii) For 1 < p < +00, there exists a Cp such that for all \w\ > 0 and t > 0

w L,<C„min(|t»|,|tö|1/'r1+1/p),X\\LP ^ ^p

where \w\ = w+-w-.

(iii) Tor 1 < p < +00, there exists a Cp such that for all \w\>0 and t > 0

||w;xx||ip < Cpmin(\w\, r1).

(iv) If w- > 0, for all x < O ¿z«¿/ í > 0,

\w(x,t)-W-\< \w\exp{-2(|x| + |w_|i)},

\wx(x, t)\ < 2|t&j exp{—2(|jc| -t- \w-\t)}.

(v) If w+<0,forallx>0 and t>0,

\w(x, t) - w+\ < \w\ exp{-2(|x| + |w+|i)},

\wx(x, t)\ < 2\w\ exp{-2(|x| + |w+|0}-

(vi) lim,_+00 supxeR \w(x, t) - wr(x/t)\ = 0.

Proof. Although the proof is in [11], we prove (iii) for completeness. By the

method of characteristics, the solution to (2.4) is expressed by

w(x, t) = wo(x0(x, t)),

where xo(x, t) is given by

(2.6) x = x0(x, t) + w0(xo(x, t))t.

Since Wo is strictly increasing and smooth, xo(x, t) exists for any nonnegative

t and x e Rl and is smooth. The relation (2.6) implies

dx0(x, t)/dx = (1 + w0(x0)0-1 >

from which we have wxx = w¡¡(xo)/(l + w'0(xo)t)3. Therefore,

f \wxx(x, t)\»dx = l°° \wxx(x, t)\" (dX°idXx,t))     dxo

/oo
\w'o'(xo)\p(l +w'o(xo)t)x~* dXo,

-oo
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which yields the first inequality

llalli, < IKHi, < cp\w\p.
For the second inequality, we divide the integral into two parts

llallí, = /     +/     =h+h-
Jx0>0     Jxo<0

Then, introducing y = w'0(xo)t, we estimate 7- in the following way:

/,= /        \wo'(xo)rx(l+y)l-3prldy
Jo

r<(o)t
<2P~lrp / yp-\l+y)l-ipdy

Jo
< Cprp.

We estimate I2 in a similar way.   D

Now we construct a smooth approximate solution (tp, y/) of (Ur, V) as fol-

lows. Let (Um , Vm) e R\(U- , V-) be the constant state satisfying (U+, V+) e

R-2(Um, Vm). We denote by lui (resp. ^2) the solution of (2.4) with W- —

X\(V-) and w+ = l\(Vm) (resp. W- = À2(Vm) and w+ = X2(V+)). Then, we
define (y>¡, y/x) (resp. (<p2, y/2)) by

(2.7) k\(y/l) = wx    (resp. h(W2) = w2),

(2.8) í»i = - /    y\i(s)ds+ U-    (resp. y>2 = - /    k2(s)ds + Um).
JV- JVm

Now we set

(2.9) ((p, y/)(x, t) = (<pi + <p2-Um, y/i + y/2- Vm)(x, t).

From (2.7) we see

A' ( Wi ) Wit = wit,    X'( y/i ) y/ix = wix,

where  i =  1,2.    Then, (2.4) implies   y/¡t + X(y/i)y/¡x - 0.    Since  <p¡x =

-X(y/i)y/ix , we obtain y/it = (pix . Similarly,

(pi, = -k(y/i)y/it = X2(y/i)y/ix =pa'(y/i)y/ix.

From this derivation it is easy to see that (y>, y/) satisfies the system

(2.10) yit = <Px,    <Pt = po(y/)x+p(y/)x,

where

p(yr) = p(a(y/x) + a(y/2) - a(y/) - a(vm)).

Then, (q>, y/) satisfies the following

Lemma 2.2. (i) y/, < 0, for all x e R and t>0.
(ii) There exists C and a (> 0) such that for all t > 0, x e R, and ô

(0<ô<ô0),

\Vx\ < C\y/,\,    \y/,\<Cô,

(2.11) \y/xx\<C\y/,\,    \y/xt\<C\y/,\,    \yfxxt\ < C\y/t\,

\Px\ < Co exp{-o;(|x| + t)}.
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(iii) For p   i 1 < p < oo), there exists Cp such that for all t > 0 and ô

(0<ô<ô0),

(2.12) llalli, <C,*>/'(1 +0"I+I/*-

(iv) For all p ( 1 < p < oo), there exist Cp and C such that for all t > 0

and S  (0 < ô < ô0),

WVxxWu < Cpmm(ô, (1+0"') < C      *°       ,        0 < a < 1.

(2.13) 2

ll-^tllz/   <  CpY^{\Wixx\\lJ> + (IIVíxI|í.2P)2}.
i=l

(v) limace supx6Ä \(y>, yt)(x, /) - (i/r, n(*A)| = 0.

We can show the above results using Lemma 2.1 and the computation carried

out from (2.7) through (2.10).
Since we consider the nonlinear perturbation of (cp, y/), it is convenient to

change the dependent variables. We introduce the perturbation (u,v) from

(<p, y/) as

(U, V)(x, t) = (u + <p,v + y/)(x, t),        («o, t>o)(±°o) = 0,

where (wo, v0)(x) — (u, v)(x, 0). Substituting the above (U, V) in (1.9) and

subtracting (2.10) from it, we obtain

{v, = ux,

ft
ut = {x(v + y)~ X(¥)}x + I a(t- x)4>(v + y/)x,dx + O,

with the initial data

(2.15) u(x, 0) = uo(x),    v(x, 0) = vo(x),

where

O = -px + a(t)<p(vo + Vo)x + h.

Then, adding and subtracting J0' a(t - x)(f>(y/)xt dx, we have

' v, = ux,

(2 16)       i   "' = ^V + y/">~ X(w))x + I a(t- x)(4>(v + y/)- 4>(y/))xt dx

+ I a(t-x)(t>(y/)x,dx + ®.
\ Jo

Integrating the first memory term on the right-hand side, we obtain

{Vt = ux,

u, = (o(v + y/)- o(y/))x + j' a'(t - x)(4>(v + y/) - tp(y/))x dx + V,

where

¥= / a(t-x)<t>(y/)xtdx + a(t)<f)(y/o)x + h-px.
Jo
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3. Kernels

In this section, we summarize the properties of kernels which will appear in

this paper. We omit most of the proofs of lemmas appearing in this section,
since they are available in [2 and 4].

We now discuss the relevant aspects of the Volterra equation. Let b e

L/oJO, oo) be given and consider the linear Volterra equation

(3.1) y(t)+ [ b(t-x)y(x)dx = g(t),        t>0.
Jo

For each g e L.loc[0, oo), (3.1) has a unique solution y e 7,,'^fO, oo) •  This

solution is given by

(3.2) y(t) = g(t)+ [ p(t-x)g(x)dx,        t>0,
Jo

where p is the unique solution of the resolvent equation

(3.3) p(t) + I b(t- x)p(x) dx = -b(t),        t>0.
Jo

As we will see, it is important to know the conditions under which a given kernel

is in ¿'(O, oo).

First, we define the resolvent kernel k associated with ¿z' as the unique

solution to

(3.4) (r'(v-)k(t) + [ a'(t - x)cp'(v-)k(x) dx = -<p(v-)a'(t),        t>0.
Jo

The kernel k will be used to express vx and vxx in terms of u, and vtt,

respectively, in §5. The requirement for k e Ll(0, oo) follows from

Lemma 3.1. If (1.5) and (1.6) hold, then the solution k  of Ci.4) belongs to
Ll (0, oo). See Lemma 3.2 of [2] for the proof.

Next, we discuss the resolvent kernel r associated with -a". This kernel

satisfies

(3.5) r(t) - [ a"(t - x)r(x) dx = a"(t),        t>0.
Jo

This kernel itself does not belong to Ll(0, oo). Nevertheless, r is the sum of

a constant and a kernel belonging to L'(0, oo).

Lemma 3.2. Suppose that (1.5), (1.6), and (1.8) hold. Then, the solution of (3.5)
can be expressed as

(3.6) r(t) = -^+R(t),    \/t>0,

where ReLl(0,oo).

The proof is given in Lemma 3.2 of [4].

We define another kernel M by

/oo R(s) ds,    Vr > 0.

This kernel has the following properties.
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Lemma 3.3. Suppose that (1.5), (1.6), and (1.8) hold. Then, the kernel M sat-

isfies

(3.8) MeAC[0,oo)nLi(0,oo),    M(0) = 1 - ¿zA(0)/¿z(0)2 < 1.

The second property will play an important role in §5; see Lemma 2.4 of [4] for

the proof.
Lastly, in the next lemma we state the mechanism which induces the dissi-

pative effect of the memory term. For this we introduce some notations. First

for b G T/ipJO, oo), we set

/»Í       /»OO /»S

(3.9) Q(z, t, b) = I   /     z(x,s) j  b(s-x)z(x,x)dxdxds,    Vie [0,71,
Jo   J-oo Jo

for every T > 0 and every z G C([0, T] ; L2(R)). We also define, for T > 0
and 0 < h < T, the forward difference operator Ah of stepsize h in the time

variable by

Ahz(x, t) = z(x, t + h) - z(x, t),    Vjc g R, t£[0,T-h]

for every z G C([0, T] ; L2(R)). Then, we have

Lemma 3.4. Suppose that (1.5) holds. Then, there exists a constant k > 0 such

that
ft      /»OO

/   /     zt(x, t)2 dxds
Jo   J-oo

r°° , i
(3.10) < k I     z(x, 0) dx + kQ(z,, t, a) + zcliminf-¡-^Q(A¡lzt, t, a),

J-oc A¿° "

VíG[0,r),

for every T > 0 and every z e C1 ([0, T] ; L2(7*)).

Proof. We use the identity

a(0)Ahz(x, t) = a(t)Ahz(x, 0) + / a(t - x)Ahzt(x, x) dx
Jo

- / a'(t - x)Ahz(x, x)dx.
Jo

Squaring the above identity and integrating over x and t, we have

çt      /"OO

¿z(0)2 /   /    {Ahzix, s)}2 dx ds
Jo   J-oo

< 3 | r° ¿z(02 dt\ I r° Ahzix, 0)2 dx\

+ 3 <      ais - x)Ahz,ix, x)dx >   ¿/x¿/s
To 7-oo l7o J

+ 3 /   /     ^ /  ¿z'(s - t)Aaz(x, t)¿/t >   ¿/x¿/5.
7o 7-co Uo J

Note that (1.5) implies ¿z(0) > 0, ¿z G L2(0, oo), and that there exists a positive

constant C such that

(3.12) 0<Q(v,t,e)<Q(v,t,a),    Víg[0,T]
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for every T > 0 and every v G C'([0, T] ; L2(R)), where e(t) = e~', t > 0.

From (3.11), (3.12) and Lemma 4.2 of [12], we have the desired result.   D

4. Main result

In this section we state the theorem which we shall prove in the next section

and state the lemma establishing the existence of local solutions.

In what follows, we will use || • || to denote the L2 norm unless it is explicitly

specified. Regarding the initial data «o and v0 in (2.15) and h, we require

that

(4.1) «o, u'o, «Ö, «o, v'o, v0' G L2(R),

(   2] h,hx,h,G C([0, oo); L2(R)) nL°°([0, oo); L2(R)),

{-}        \\h\ffeLl[0,oo),        h,hx,h,,hxteL2([0,œ);L2(R)).

To measure the size of the initial perturbation and h , we denote

/CO

{u2o + (u'o)2 + K')2 + ^o2 + K)2 + K)2} dx
-co

and

/CO

{h2 + h2x + h2}(x, t)dx
-oo

ft    roo

(4.4) +/   /    {h2 + h2x + h2 + h2x,}(x,s)dxds
Jo  J-oo

/•oo   /   />oo \ 4/3

+ /    Í /     \h(x, t)\dx\     dt.

Then, we have the following

Proposition 4.1. Suppose that a and </> satisfy (1.4) and (1.12), that a(t) satis-

fies (1.5), (1.6), and (1.7), and that Uo,v0, and h satisfy (4.1) and (4.2). Then,
there exists a constant e > 0 such that if

(4.5) ô + Uo + H<e,

the initial value problem (2.17), (2.15) has a unique global solution (u,v) G

Cl(R x [0, oo)) satisfying

u,v,u,,vt,vx,utt, v„, vxt, vxx

G C([0, oo) ; L2(R)) n L°°([0, oo) ; L2(R)).

Furthermore,

(4.7) u,,vx,vt, Utt, v„, vxt, vxx G L2([0, oo) ; L2(7*)),

(4.8) u,, v,, vx —» 0 in L2(R)   as t —> oo.

Proposition 4.2. Proposition 4.1 implies Theorem 1.1.

Proof. Note that

||(ko, t>o)ll < \\(Uo - t/¿, Vo - Vor)\\ + ||(^,0) - Uro, y/(x, 0) - V¿)\\

<\\(Uo-Uro,Vo-Vor)\\ + CÔ,

\\(uox,vox)h<\\(Uox,Vox)h + \\((p(x,Q)x,y,(x,Q)x)h

<\\(U0x,Vox)\U + CÔ.
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Therefore, n0 is bounded by Zo . Also note that

sup|(l7, V)-(Ur, Vr)\ <sup|(w, v)\ + sup\(y>, y/)-(Ur, Vr)\,
x€R x€R x€R

sup«2 <2||«||||i/JC||,    and    supt>2 < 2||v|| \\vx\\.
xeR x€R

Hence, (4.6), (4.8), and (v) in Lemma 2.2 imply (1.18) in Theorem 1.1.   D

In order to prove Proposition 4.1 we need the local solution in time. This is
provided by the following

Lemma 4.1. Suppose that the assumptions (1.4), (1.12), (1.5), (1.6), (1.7), (4.1),

and (4.2) are satisfied. Then, there is a unique solution (u, v) e C1 ([0, 7b) x R)

of (2.17) defined on a maximal interval [0, 7b), 7b < oo, such that for T g

[0, 7b)

u,v,u,,vt,vx,u„, v„, vx,, vxx

G C([0, r] ; L2(R)) n L°°([0, T] ; L2(R)).

Furthermore, if To < oo, then

00
/co

{u2 + v2 + u2 + v2 + v2x + u2t + v2 + vx, + v2xx](x, t) dx

as t -* To.

The proof is essentially the same as in [2]. Therefore, we omit the details.

5. Proof of Proposition 4.1

The proof is based on the energy method. In what follows, C will denote

generic positive constants which may be large. It is convenient to define

/oo
{tz2 + v2 + u2 + v2 + v2 + u2u + vft + v2xt + v2xx}(x ,s)dx,

-co

ft       /»CO

F(t) = /   /    {u2 + v2 + vx + u2t + v2, + v2xt + v2xx}(x, s) dxds.
JO   J-oo

Choosing a sufficiently small positive number p, we modify o smoothly outside

the interval [min(u_ , v+) - p, vm + p] so that a" is identically zero outside

the interval [min(?;_ , v+) -2p,vm + 2p] and choose g_ and a such that

0<ct<ct'(£)<ct,    V£g7*.

Since a" is identically zero outside the above interval, ct"(c¡) and a'"(Ç) have

finite maxima in ¿f g R. This modification will not alter the problem, since we

will see posteriori that v G [min(t;_ , v+) - p, vm + p].

As is discussed in the previous section, we normalize a(t) so that ¿z'(0) = -1.

After the differentiation of (2.17b) with respect to t, we have

(5.1)

( v, = ux,

u„ = (o(v + y/)- o(y/))xt - (<i>(v + w)~ <I>(V))>

+ f a"(t - x)(4>(v + y/)- cß(y,))x dx + %
Jo
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Using (3.5) and Lemma 3.2 to solve (5.1) for (<p(v + y/) - 4>(y/))x , we obtain

{v, = ux,

u„ + au, = (o(v + y/)- a(y/))xt + a(x(v + yi) - x(v))x

+ T, + oñ! + [R * {(o(v + y/)- o(yj))x - u, + ¥}],,

where a = l/¿z(0).
First, we obtain an estimate for

/OO et     /»OO

{u2 + v2}(x,t)dx+       /    {\y/,\v2 + u2, + v2 + vl)(x, s)dxds.
-co JO   J— oo

For this purpose, we multiply (5.2b) by u and integrate over [0, t] x R, 0 <

t < T. Using integrations by parts with respect to x and /, we obtain

a        <-u2+ W(v , y/)\(x,t)dx + a I    /     Z (v , y/)y/,(x, s)dxds

pt      /»OO ft      /»OO

+ /   /     a'(v + y/)v2(x, s)dxds - /   /     u2(x, s)dxds
Jo   J-oo Jo   J-oo

= < -¿au2 + aW(v , y/) + uu, - *Fzz > (x, 0) dx

/OO

{¥zz - uu,}(x, t)dx

+ /     u[R* {(o(v + y/)- a(y/))x -u, + ¥}](x, t) dx
J—oo

ft       /-OO

- (a'(v+ y/)-a'(y/))yjtVt(x, s)dxds
Jo   J-oc

ft     /-co

-/   /     u,[R*{iaiv+ y/)-aiy/))x-u, + y¥}]ix,s)dxds
Jo   J-oo

ft     /-co

+ /    /     ¥(atz - u,)ix, s)dxds,
Jo   J-oo

where

rv + i//

W(v, y/)= x(z)dz-x(y)v,
J If/

Z(v , y/) = x(v) - X(v + y/) + x'(v)v.

To eliminate the term ¡0' ¡^¡¿¿(x, s)dxds, we make another identity.

Multiplying (2.14) by u, and integrating over [0, t] x R, 0 < t < T, we
have
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ft     /»oo ft    /»OO

/   /     u2(x,s)dxds-       /    x'(v + V)v?(x> s)dxds
Jo   J-oo Jo   J-oo

/OO

(X(v + y/) - x(v))vt(x, t)dx
-OO

/OO

(x(v + y/)-x(y/))v,(x,Q)dx
-OO

ft      fOO

- (x'(v + y/)-x'(y/))y/tVt(x,s)dxds
JO   J-oo

ft       /»CO

+ u,[a*4>(v + y/)xt](x, s)dxds
Jo   J-oo

ft       /»CO

+ <but(x, s)dxds.
Jo  J-oo

Adding (5.4) and (5.5), we obtain

(5.6)

a        I -u2 + W(v, y/)\(x, t)dx

rt     /»oo

+ /   /    {aZ(v, yi)yi, + a(0)<f>'(v + y/)v2}(x, s)dxds
Jo   J-oo

/     I ^au2 + aW(v , y/) + uu, - *¥u + (x(v + y/) - x(¥))vt >(x,0)dx

+ h+I2 + h + I4 + h + h + I1,

where

/oo
{Vu - uu, - (x(v + 1/0 - X(v))Vt)}(x ,t)dx,

-oo

/oo
u[R * {(a(v + y/)- a(y/))x -u, + V}](x ,t)dx,

-oo

ft        fOO

73 = -/   /     a(0)((t>'(v + y/)-(j)'(y/))y/tVt(x,s)dxds,
Jo   J-oo

/»/      /»OO

74 = -/   /     u,[R*{(a(v + y/) - a(y/))x -u, + 4'}](x, s)dxds,
Jo   J-oo

ft      /»OO

75 = /   /     ut[a *cpiv + y/)xt\ix, s) dxds,
Jo   J-oo

ft      /»CO

h= i<t>-y¥)u,ix,s)dxds,
Jo  J-oo

ft      /»CO

77 = /    /     a*¥uix, s) dx ds.
Jo   J-oo

We estimate the terms in (5.6) in the following way. First, we note that because
of the assumptions on a and cf>

(5.7) Wiv,y/)>Cv2,

(5.8) Z(v ,y/)yt,> -Cv2yi, > 0
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for some positive constant C. The terms in 7» through 77 are estimated in

the following way.

/oo /~<     /»oo

{u2 + v2}(x ,t)dx + -       {V2 + u] + v2}(x, t) dx
-oo 7   J — oo

/OO fOO{u2 + v2}(x ,t)dx + C       {u2 + v2}(x ,t)dx + C(S2 + 77),
-OO J — OO

/OO f poo
u2(x, t)dx H—     sup      /    (uj -f vl)(x, s) dx

-oo 7 0<s<t,xeRJ-oo

/"• fOO f      fOO

+ -Ô2        v2(x,t)dx + -        xij2(x,t)dx,
I J— OO I    J— oo

ft      fOO

\h\<C      /    {\y/,\3'2v2 + \y/,\v2}(x,s)dxds
Jo   J-oo

/»/       /»CO

<CÔ1'2      /    {\y/,\v2 + v2}(x,s)dxds.
Jo   J-oo

In the above estimates the inequalities such as

(5.9) \AB\<yA2 + B2/4y,    Vy > 0

have been used. There are a few terms with j . This does not affect the estimates

since we either will have these terms (see (5.16)) or can control them by choosing

small values of 6 or 77. Therefore, we will include it in C. We estimate I4

using the kernel M defined in §3. From (2.17) we see

(a(v + y/)-a(y/))x-u, + yV

= a(Q)(<t>(v + y/)- 4>(y/))x - a(t)(<p(v0 + y/0) - <f>(yo))x

fJo
a(t - x)((p(v + y/)- <t>(y/))xt dx.

Then,

ft      /»CO

74 = ¿z(0) /   /     u,[R * (4>(v + y/)- <p(y/))x](x, s) dx ds
JO  J-oo

ft      /»CO

+ /   /    [R*a](s)((f>(vo + ipo)-(f>(Wo))xUt(x,s)dxds
JO   J-oo

ft     /»CO

+ /   /     u,[R*a*((p(v + y/)-(f)(y/))x,](x, s)dxds.
Jo   J-oo

Using M in (3.7), we can rewrite the first term in the above relation

R * (<t>(v + y/)- 4>(y/))x = -M(0)(<p(v + yr) - </>(y/))x

+ M(t)(<t>(v0 + Wo) - 4>(Wo))x + M * (cp(v + y/)- 4>(w))xt-
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Therefore

u /oo
(<t>,(v + y/)-<p'(y/))vt(x,t)dx

-oo

/oo ((p'(v + y/)-<p'(w))vt(x,0)dx
-oo

ft      fOO

+ a(0)M(0)      /    {<p'(v + y/)v2 + i<t>'iv + y/)-(p'iy/))y/tVt}ix,s)dxds
Jo   J-oo

ft     /»oo

-/   /    [M-R*a](s)(4>(vo + y/o)-<i)(yo))xUt(x,s)dxds
Jo   J-oo

ft      fOO

- u,{[M - R * a] * ((/)(v + t/0 - 4>(w))xt](x, s) dxds.
Jo  J-oo

Denote each term in 74 by I4., z = 1, ... , 5 , in the order. As the terms I4.,

z=l,2,3, can be estimated in the same way as 7,, z = 1, 2, 3, we show an

estimate for 74 .

fl      /»OO fS

74s = - /   /     u,     M(s - x)(4>(v + y/) - (p(y/))xt(x, x)dx(x, s)dxds
Jo  J-oo       Jo

ft       /»CO fS

+ U, R(S-X)
JO   J-oo       JO

• /  ¿z(t - p)i(/>iv + y/) - <t>(y/))xt(x, p)dpdx(x, s)dxds.
Jo

Since the estimate for the first term is similar to the second term, we indicate

how the second term is estimated. It should be noted that M, R, and ¿z G
Ll(0, oo) is crucial. Using Holder's inequality and then Fubini's theorem, we

have

/   /     lu,      R(s-x)      a(x-p)((p(v + y/)-(p(y/))x,(x, p)dpdx\ dxs
Jo   J-oo   I       JO JO )

Í /   /     u2(x, s)dxds j

ft      fOO      I        fS fl

/   / /  R(s-x)      a(x-p)
JO   J-oo   I  JO JO

<C

V    11/2
(<p(v + y/) - (p(y/))x,(x, p)dpdx > dxs

1/2

<C 0    1    u2(x, s)dxds
0   J-oo

fJo   ,

J   \a(x - p)\ \\{<p(v + y/)- <piy/))xt\\2 dp j dx \ ds

RA ¡l\j\Ris-x)\

1/2
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1/2

< C ( /   /     u2(x, s)dxds
\Jo   J-oo

x(RA)
fl      fOO

/   /    {v2xt + vxvf + yy2v2 + y/2v
JO  J-oo

+ y/2tv2 + y/2y/fv2}(x, s) dx ds

1/2
2„,2   ,   ,„2,„2„,2i

where R = /0°° \R(t)\dt and A = J0°° |¿z(0| dt. Therefore, we have the following
estimates for 74.

/OO /»COv2(x,t)dx + C        v2(x,t)dx
-oo -J — oo

ft    poo

+ a(0)M(0)      /    (j)'(v + y/)v2(x,s)dxds
Jo   J-oo

ft       /»OO ft       /»OO

+ CÔ1'2      i     \y/,\v2(x,s)dxds + Côl/2      /    v2(x,s)dxds
Jo   J-oo Jo   J-oo

/OO

zz2(x, Oif*
-co

+ C ( /   /    zz2(x, s)dxds j

x[       f   ivxt + vlv¡ + vWt + vWx
\J0   J-oo

y/2

+ y/xtv2 + y/xy/2v2}(x, s) dxds]

We should note that M(0) < 1. Hence the fourth term in the above estimate

can be absorbed in the left-hand side of (5.6). The estimate for 75 is identical

to the one for the last term in 74 . The estimate for 76 is done as follows:

at    /»oo \ 1/2   /   ft    /»co \ 1/2
/     u2(x,s)dxds\     (       /    {Q>2 + V2}(x,s)dxds)     .

Using Sobolev's embedding theorem, Young's inequality and Lemma 2.2 we

have the following estimate for 7? :

<CE(t)l'4(ôl'6 + H + F(t)).

Note that terms with coefficient e and S can be absorbed in the left-hand side

of (5.6) if the rarefaction waves are weak. Therefore, the above estimates, (5.6),
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(5.7), and (5.8) yield

f°°    ,      , ft  r°° , ft f°°
/    {u¿ + v¿}(x, t)dx+ /   /     \y/,\vz(x, s)dxds+       /     vf(x,s)dxds

J—oo Jo   J—oo JO   J—oo

/CO

{lZ2+f2 + V2}(x,5)¿/x
-co

(Í  r{<&2 + V2}(x,s)dxds\

.1/1

/  ft    foo \ !/2

+ C ( /   /    zz2(x, s)dxds
\Jo  J-oo

+ (I   I    {vit + ylv2, + yi}v2x + y/2xlv2 + y/2y/2v2}(x, s) dxds)

+ CE(t)l'*(6i'6 + H + F(t)).

We need estimates for j0'j^u^x, s)dxds and  /0' J^v^x, s)dxds.

The estimate for J0' /f° u2(x, s) dx ds is done from (5.5):

(5.11)
ft       /»OO

\l/2

+ c

ft      /»CO

/   /    u2(x, s)dxds
Jo   J-oo

<CU0 + c([    v2(x,t)dxj     (j     v2(x,t)dx\

ft    poo pt    poo

+ C I   i     v2(x, s)dxds + CS      /     \y/,\v2(x,s)dxds
Jo   J-oo Jo   J-oo

( /   /     uj(x, s)dxa
\Jo   J-oo

0/    02(jc, s)dxds
0  J-oo

+ \ I   [   {vlv? + vltf + vWx + V2 V? + v2x, + y/2,}(x, 5) dx ds
\J0   J-oo

To obtain an estimate for /0' /_f° v%(x, s) dx ds, we rewrite (2.17b):

(5.12)

u, = a'(V-)vx + f a'(t-x)<p'(V-)vxdx
Jo

+ (a'(v + y/)- a'(V-))vx + (tp'(v + y/) - <p'(yt))yrx

+ f a'(t - x)[(4>'(v + y/)- 4>'(V-))vx + (4>'(v + y/) - <f>'(y/))y/x]dx + ¥.
Jo

Setting

G(x ,t) = u,- (a'(v + y/)- o'(V-))vx

- f a'(t - x)[(<f>'(v + yy)- <p'(V-))vx - (4>'(v + yv) - cb'(y,))y,x]dx - ¥,
Jo
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and using the kernel k defined in (3.4), we see that (5.12) is rewritten as

(5.13) ct'(V-)vx = G+ í k(t-x)G(x,x)dx.
Jo

Squaring (5.13), integrating over [0, f] x R, 0 < t < T, and using Holder's

inequality and Fubini's theorem in the same way as for the estimate of 74s, we

arrive at

ft      /»CO ft      /»CO

/   /     v2(x, s)dxds <C I   I     u2(x,s)dxds
Jo   J-oo Jo   J-oo

ft       /»CO

+ C      /    (v2 + S2)v2x(x, s)dxds
Jo  J-oo

ft       /»CO ft       /»CO

(5.14) +c y/jv2(x,s)dxds + C      /    V2(x, s)dxds
Jo   J-oo Jo   J-oo

ft       /»OO ft       /»OO

<C u2(x,s)dxds + C(E(t) + ô2) j   /    vx(x, s)dxds
Jo   J-oo Jo   J-oo

ft      fOO

+ ô ¡   j     \y/,\v2(x, s)dxds + ô2 + 77.
Jo  J-oc

We add (5.10), (5.11), and (5.14) and use the inequality (5.9). Knowing that
ô , \y/,\, and |^x| are small, we have

/OO ft      /»OO
{u2+ v2}(x, t)dx +       /     \y/t\v2(x, s)dxds

-oo JO   J—oo

ft       /»OO

+ {u2 + v2 + vl)ix, s)dxds
Jo   J-oo

/CO

{u2 + v2 + vl)ix, s) dx
-co

ft      /»CO

+ Ciô1/6 + H)Eit)X>A + C I   j     vxtix,s)dxds
Jo   J-oo

(5.15)

'0   J-oo

+ C(£(01/4 + E(t) + ô2)Fit) + Ció + ô2 + H).

Next, we obtain an estimate for

/CO

{u2 + vf + v2 + u2, + v2 + vxl + vlx)ix, t) dx
-co

(5.16)
+

'0   J-oo

ft     /»oo

+ /   /    {u2, + vf, + v2xt + vxx}ix, s) dx ds.
JO   J-oc

For this purpose, first we multiply (2.14) by <p(v + y/)xt and integrate over
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[0,t]xR, 0<t<T. Then, we have

(5.17)

J     | ^<p'(v + y/)v2 + -x'(v + y/)<p'(v + y/)vx \ (x, t) dx

+ Q(<t)(v + y/)x,, t,a)

/oo r i i
l -(p'(v + y/)v2 + -x'(v + yj)4>'(v + y/)v2x

+ <j)'(v + y/)y/,vt \(x, 0)dx

/CO

4>'(v + y/)y/,v,(x, t)dx
-co

+ /   /     \<p"(v + y/)(vt + y/,)y/tv, + <f>'(v + y/)y/,tv,
JO   J-oo

+ -(t>"(v + y/)(v, + y/t)v2

+ [X"(v + vW(v + y/) + x'(v + y/)<j)"(v + y/))(v, + y/,)v2x

- X(v + y)<p'(v + y/)y/x,vx - (x'(v + y/)- x'(w))

■ (p"(v + y/)y/x(v, + y/,)(vx + y/x) >(x,s)dxds

pt    poo

+ /   /    Q>(p(v + y/)x,(x,s)dxds.
Jo   J-oo

The terms on the right-hand side of (5.17) are rather routinely estimated. For
example,

/CO /»CO s~<      /»oo

4>'(v + y/)y/,v,(x, t)dx < y I    vf(x,t)dx-\— /     y/}(x,t)dx
-oo J— oo y   J— oo

/OO Q
v2(x, t)dx H—ô,

-CO I

<

I     ft       /»CO

/   /     X(v + y/)(t>'(v + y/)y/x,vx(x,s)dxds
\J0   J-oo

ft      fOO

<C      /    {\Wxt?l2 + Wxt\xl2v2x}(x,s)dxds
Jo   J-oo10   J-oo

<CÔA^ + Côll2F(t),
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f     f°°   1
/   /     ï<t>"(v + y/)(v¡ + y/,)v2(x, s) dx ds

\Jo J-oo l

<C[    sup   |ut| + i5) /   /    v2(x,s)dxds
\0<t,x6R J Jo  J-oo

ft      /»OO

<C(E(t)xl2 + ô) /   /    v2(x,s)dxds,
Jo   J-oo

I     ft      fOO

\      /    (X'(v + y/)-x'(v))<t>"(v + y/)y/x(v, + y/,)(vx + y/x)(x, s)dxds
\J0  J-oo

ft      fOO

< C /   /    {(y/x + yi})v2 + y/f + y/2v2 + y/2vx}(x, s) dx ds
Jo  J-oo

ft      /»CO

+ C   sup   |u| /   /    (v2 + v$)(x, s)dxds
0<t,x€R        Jo   J-oo

ft     fOO

< C(E(tf12 + Ô2) I   I    (v2 + v2x)(x,s)dxds
Jo   J-oo

ft      fOO

+ CÔ      /     \y/,\v2(x, s)dxds + Cô,
Jo   J-oo

ft     fOO

/   /    &<p(v + y/)xt(x, s)dxds
Jo   J-oo

<C Of   i°°<&2(x,s)dxds
0   J-oc J

(/ / ^*'+ v*v*+ v*v' + ¥*v*+ ¥*1 + y* ¥^x '5) dx ds)

ft

< C^/H + S^/F(t) + C[E{t) + S2)Fit) + CiH + 3).

Combining the above estimates, we have

/:
{vf + v2}ix ,t)dx + Q(<p(v + y/)xt ,t,a)

/OO

{v2 + vx}ix, 0) dx
-co

ft      /»CO

+ CÔ       /     \y/,\v2ix, s) dx ds + Cy/H + Sy/J
Jo   J-oo

+ C(£(01/2 + E{t) + Eit)2 + 8XI2 + S + S2)Fit) + CiH + S).

To obtain the next identity, we apply the forward differentiating operator A/,

to (2.14) and multiply it by Af,<f>(v + y/)xt. Then, we integrate the resulting

equation over [0, t] x R, 0 < t < T. After the integrations by parts, we derive

it by h2 and let h i 0. From this we have
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(5.19)

/oo    y
-{</>'{v + y/)v}t + x'{v + y/)<p'{v + y/)vxl}(x, t)dx

-oo ¿

+ lim -¡-rQ(àh4>(v + i//)x¡ ,t,a)
hio n'-

/OO     1

-{</>'\v + y/)v?, + x{v + te)</>> + y/)vxl}(x, 0) dx
-OO   *•

/OO

<¡>(v + i//)xta(t)(<fi'(v0 + y/0)(u0x + Vot))x(x, t)dx
-OO

pi   poo

- <t>(v + y/)xta'(s){<l>'(vo + y/o){uox + y/ox))x(x,s)dxds
JO   J-oo

+ J  j     \ ¿MV + v)(v, + y/)vf,

+ j (x'iv + V)<t>(v + v))tvl, + x(v + V)vxty/Xtt

- [(*'(« + y) - x'(¥))Vxt + x"(v + V){vxv, + y/tvx + y/xv,)

+ (X"(v + yr)- x"(v))VxVttyxtt

+ X'iv + i/f)[2<j>"(v, + y/t)(vxt + Vxt)

+ 4>"(v + y/)(vx + y/x){v,t + y/,t) + 4>'"{v + y/)(v, + y/,)2(vx + y/x)]vxt

+ [(x'(i> + ¥)- x'(v))Vxt + x"(.v + y/){vxv, + \¡/tvx + VxVt)

+ ix"iv + yr)-x"(y>))VxVt\

• [74" (v + <//)(vt + y/t)(vxt + ytxt) + 4>"(v + t//)(vx + i//x)(v„ + ip„)

+ <¡>'"(v + i//)(vx + y>x)(vt + Vt)1] \{x,s) dx ds\{x,.

ft    roo

- /   /     ®xt<t>(v + y>)u(x, s) dx ds
JO   J-oo

The terms on the right-hand side in (5.19) are also estimated routinely.  For

example,

\      /     ®xt<l>(v + <//)„(x,s)dxds
¡JO   J-oo10   J-oo

ft    /»oo

(5.20)
1/2

/   /    ®xt{<t>"(v + if/)(v, + y/t)2 + <l>'(v + i//)(vit + <ptt)}{x,s)dxds
JO   J-oo

at   foe \ I/2   /  ft   fOO \ 1
/     Qxt(x,s)dxds\      (/   /     vj,(x,s)dxds\

pt    poo

+ c (.<t>2xi + vf + tf + y/2){x,s)dxds
JO   J-oc

< Cy/H + Sy/F{i) + CH+ CE{t)F(t) + CS.
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The above estimate and other estimates imply

/OO )

ivu + «*/}(*,t)dx + lim -rïQ(Ah4>(v + y/)x,, t,
-co h\,o n^

/CO

{vft + v¡,}(x, 0) dx
-co       "-DC

rt    /»ooft       /»OO

+ CÔ       /     \y/t\v2(x, s) dx ds + C\JH + óyff
Jo   J-oo

+ C(E(ty'2 + E(t) + E(t)3/2 + Ó + ô2)F(t) + Co.

Then, adding (5.18) and (5.21) and using (3.10), we find

(5.22)

/OO pi      pOO

{v2 + v\ + v2t + vl,}(x, t)dx+ I    I     vl,(x,s)dxds
-co 7o   J—oo

/OO

{v2 + v2x + vft + v2,}(x, 0) dx
-OO

ft     fOO

+ CÔ       /     | y/,\v2(x, s) dx ds + Cy/H + Ôy/F
Jo   J-oo

+ C(E(t){'2 + E(t) + E(t)3'2 + E(t)2 + ô1'2 + S + ô2)Fit) + Ció + 77).

We need the estimates for J^ujix, t)dx.  Squaring (2.14) and integrating

over R

(5.23)

/OO /»OOu2ix ,t)dx<C       ((/(u + i/O - X(¥))xf(x, 0 dx
-oo J — oo-OO

roo    /ft \ 2

+ C [     ( [ a{t- t)<P(v + y/)xt dx)   (x,t)dx + C [    ®2(x, t) dx
J-oo  \Jo J J-oo

/oo poo
vx(x,t)dx + CÔ2        v2(x,t)dx

-co J—oo

ft       /»CO

+ C I   /    {v2xt + v2xv2 + y/2v2 + y/2v2x + y/2t + y/2 y/2}(x, s) dx ds
JO   J-oc

/CO

v2x(x,t)dx + C62E(t)
-OO

pt    poo

+ C vxt(x, s) dx ds + C(E(t) + ô2)Fit) + Ció + ó2 + 77).
7o 7-co

To obtain estimates for u„ , we differentiate (2.14):

Utt = (x(v + W)- X(v))xt + a(0)<j)(v + y/)xt

(5 24) ft
+ /  a'(t-x)(f>(v + y/)xtdx + <&,.

Jo

Taking the square and integrating over R and [0, t] x R, 0 < t < T.  We
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obtain

(5.25)

/OO yOO

u2tt (x ,t)dx<C        v2xt(x ,t)dx + C(E(t) + ó2)E(t)
-OO J — OO

pt    poo

+ C v2t(x,s)dxds + C(E(t) + ó2)F(t) + C(ó + ó2 + H),
Jo   J-oo

(5.26)
ft      fOO ft      fOO

/   /     u2,(x, s)dxds <C      /    vl,(x, s)dxds
Jo   J-oo Jo   J-oo

ft      /»CO

+ CÓ Iy/,\v2(x, s) dx ds + C(E(t) + ö2)F(t) + C(ó + ó2 + H).
Jo   J-oo

To estimate /0 /^ vf,(x, s) dx ds, we use the identity obtained by the integra-

tion by parts and the density argument:

ft      fOO ft       /»OO

/   /    v},(x,s)dxds = /   /     u2xt(x,s)dxds
Jo  J-oo Jo  J-oo

ft       /»OO /»OO

= /   /     uttuxx(x, s)dxds -        u,uxx(x,t)dx
JO   J—oo J—oo

/OO

u,uxx(x,0)dx
-co

ft       /»OO /»OO

= /   /     u„vx,(x,s)dxds-        utvx,(x,t)dx
Jo   J—oo J—oo

/CO

u,vx,(x, 0)dx.
-CO

Then, from the above identity we have

ft      /»OO

(5.28) °      °°

ft       fOO fOO

/   /    vjt(x, s)dxds <CU0 + C       {u2 + vlt}(x, t) dx
JO   J—oo J—oo

ft      fOO

+ C      /    {u2t + v2xt}(x, s)dxds.
Jo   J-oo

To obtain an estimate for vxx , we differentiate (5.13):

(5.29) a'(v-)vxx = GX+ [ k(t - x)G(x, x)x dx.
Jo

As k G L1 (0, oo), we see

/OO

v2xx(x,t)dx

< C /    u¿(x, 0 dx + C(E(t) + ó2)E(t) + C(ó2 + 77),
J—oo

(5.31)

ft      /»OO ft      /»OO

/   /    v%x(x, s)dxds < C      /    vf,(x,s)dxds
Jo   J-oo Jo   J-oo

ft      fOO

+ C(E(t) + ó2)F(t) + CÓ I   /     \y/,\v2(x,s)dxds + CH.
Jo   J-oo
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Combining the above estimates, we have

(5.32)

/j—<
{uf + vf + vx + uft + vft + vxl + vxx}(x, t) dx

ft      /»CO

+ /   /    {u2, + v2+v¡, + vxx}(x,s)dxds
JO   J-oo

<CU0 + C(E(t)+ó2)E(t)

ft      fOO

+ CÓ       /     \y/t\v2(x,s)dxds + C\fHTôyfF
Jo   J-oo

+ C(E(t)1'2 + E(t) + E(tfl2 + E(t)2 + ó1'2 + Ó + ó2)F(t) + C(ó + H).

Finally, (5.15) and (5.32) imply

(5.33)
ft      fOO

E(t) + F(t)+ I   /     \y/,\v2(x,s)dxds
Jo  J-oo

< CUo + C(ó1'6 + H)E(t)x/* + C(E(t) + ô2)E(t)

ft       /»CO

+ CÓ       I     \y/,\v2(x,s)dxds + Cy/H + óyfF
Jo   J-oo

+ C(E(t)1'4 + E(t)1'2 + E(t) + E(t)3'2 + E(t)2 + óll2 + Ó + ó2)F(t)

+ C(Ó + Ó2 + H).

Therefore, as far as E(t) < p and ó < ôo , using (5.9) we finally arrive at the

estimate

ft      fOO

(5.34) E(t) + F(t)+      /     \y/,\v2(x,s)dxds<C(U0 + óo + H).
Jo   J-oo

So, if we take the initial data to be p0 < p/4C and ó0 + 77 < p/4C, then as
far as E(t) < p we have

ft       /»OO J

(5.35) E(t) + F(t)+       /     \y/,\v2(x, s)dxds< x/z,
7o 7-00 2

which shows E(t) is actually smaller than p. Now invoking Lemma 4.1, we

conclude that To — oo . This estimate yields (4.6) and (4.7), and consequently

(4.8). This completes the proof.
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