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NONLINEAR STABILITY OF RAREFACTION WAVES
FOR A VISCOELASTIC MATERIAL WITH MEMORY

HARUMI HATTORI

ABSTRACT. In this paper we will discuss the stability of rarefaction waves for
a viscoelastic material with memory. The rarefaction waves for which the sta-
bility is tested are not themselves solutions to the integrodifferential equations
(1.1) governing the viscoelastic material. They are solutions to a related equi-
librium system of conservation laws given by (1.11). We shall show that if the
forcing term and the past history are small and if the initial data are close to
the rarefaction waves, the solutions to (1.1) will approach the rarefaction waves
in sup norm as the time goes to infinity.

1. INTRODUCTION

In this paper, we will discuss the nonlinear stability of rarefaction waves for
a system,
t

(L) V=U, U:=a(V>x+/ &t -V dr+ f(x, 1),

with the initial data i
(U(x,0), V(x,0) = (Up(x), Vo(x)), x€R,
_lim (Up(x), ¥o(x)) = (Us, Va).

The above system can be derived from
t

(13)  wy=o(wy)s+ / &t - Dp(wy(x, D)y dr+ f(x, 1),

— 00

(1.2)

by setting U = w; and ¥V = w, . In this paper, for ¢ and ¢ we require that
(1.4) ceC3R), o >0, ¢ >0,
e C*R), ¢'>0, ¢">0.
For a(t) we assume
(1.5) a,d ,a"e€L'(0,00), a is strongly positive definite on (0, co0).

Furthermore, we assume
(1.6) / tla(t)|dt < 0o, (a)(z)#0 Vzell,
0
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where A means the Laplace transform and IT = {z € C|Rez > 0}. The
assumption (1.5) implies

(1.7) a(0) >0, d4'(0)<0O.
In what follows, we assume without loss of generality
(1.8) a'(0)=—1.

Integrating the integral term in (1.1) we obtain

I/t = UX9
(1.9) { U = x(V)x +/ta(t— 1)¢(V)xedt +a(t)p(Vo)x + h(x, 1),
0

where
(1.10) x1(V)=0aV)—-a(0)p(V)
and

0
h(x, 1) =/ ait-—1)oV)xdt+ f(x,t).

—00

In order that the equilibrium system

(1.11) Vi=Us, U=x(V)x,
be hyperbolic and genuinely nonlinear, we assume that
(1.12) x>0, x">0.

The condition x’ > 0 means in particular that the equilibrium stress modulus
is positive.

As the form of (1.9) suggests, the asymptotic behavior of the solution for
(1.9) and (1.2) is closely related to the Riemann problem for (1.11) with

(U-, v_), x<0,
(U+ s V+) s X > 0
We should note that system (1.1) is not invariant under dilations of coordinates
while system (1.11) is.
For each constant state, we define the rarefaction curves R; and R, through

(U-, V_) in a neighborhood w of (U_-, V_) by
(1.14)

| 4
Ry(U_, V_)={(U, V)ew|U=U_—/ Ai(s)ds, withUsU_},
V_

(1.13) (U, V)(x,0) = (U§, ¥)(x) = {

14
Rz(U_,V_)={(U,V)ew|U=U_— Ax(s)ds, withUSU_},
V.
where A4;(s) = —/x'(s) and A,(s) = /x'(s). In (1.14) R; (resp. Rj) is
the state which can be connected through (U_, V_) by the backward (resp.

forward) rarefaction wave. We also define RR as a part of @ such that
(1.15)

|4
RR(U_,V.) = {(U, V)ew|U< U —/VA,(s)ds, U<U - /lz(s)ds}.
V_

V_
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Define 6 = |U; — U_| + |V, — V_|. Then, there exists a positive constant dy
such that if (U,,V,) € RR(U-,V_) and é < dy, then there is a unique
(Ums V) € Ri(U-, V_) satisfying (U, , V,) € Ry(Up, V;n). In what follows,
we discuss the case when (U,, V,) € RR(U-,V_) and § < dp. Then, the
solution of the Riemann problem (1.11), (1.13) consists of centered rarefaction
waves. This solution will be denoted by (U”, V7)(x/t). Our goal is to show that
the solution of (1.1) and (1.2) approaches the rarefaction wave (U", V")(x/t)
as t — +oo provided that the initial data are suitably close to (U], V). More
precisely, we assume

(116) UO_U65 I/()_'I/()ra UOX9 l70)(3 UOxx, VE)XXGLZ(R)
and set
Zo= [ {(Us=Up?+ (o= V) + U + Vi + Uee + Vi dx
+Up = U_| + |V = V|
For h(x, t) we assume
(g e hE €0 00 LHR)NL=(0, o0); LXR)),
' I3} € L'[0, 00), h, hx, by, hy € LA([0, 00); L*(R))

and set o
H= sup/ (h? + h2 + h}}(x, )dx

>0

+/ / {(h? + h:+h}+h2}(x, t)dxdt
0 —00

+ /000 (/_0; h(x, t)|dx>4/3 at.

Then, we have the following theorem.

Theorem 1.1. For each fixed (U_, V_), there exists a positive constant &y such
that if (Us,V,) € RR(U-,V_) and 6 + Xy + H < &g, then the initial value
problem (1.1), (1.2) has a unique global solution in time satisfying

U_Ur’ V- V", Ut9 I/;a Vx’ Ult, V;t9 tha Vxx
€ C([0, %0); L*(R)) N L*([0, o0) ; L*(R)).

Furthermore, the solution to (1.1), (1.2) will approach the equilibrium rarefaction
waves as t goes to infinity in the maximum norm, namely

(1.18) sup (U, V)(x,t)— (U™, V")(x/t)] = 0 ast— oc.
XER
Remark 1.1. It should be noted that system (1.1) is not invariant under diala-

tions of coordinates, and thus the rarefaction waves for which the stability is
tested are not solutions to system (1.1).

Remark 1.2. The condition (1.17) implies that the rarefaction waves, the initial
perturbations, and the past history should be weak.

To prove this theorem we first approximate (U, V") by a smooth function
(@, w). This will be described in §2. In this section, we also introduce the new
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variables u = U — ¢, v = V — y, which are perturbations from (¢, ). In §3,
we discuss the properties of the kernels associated with the kernel a(t). In §4
we will state Proposition 4.1 for (u, v), which will imply Theorem 1.1. This
will be shown in Proposition 4.2. The proof of Proposition 4.1 will be carried
out in §5. The proof is based on the energy method and along the line of Hrusa
and Nohel [4].

System (1.1) describes a one-dimensional motion of an unbounded, homo-
geneous, viscoelastic bar. The integral term represents the memory effect and
induces subtle dissipation. The global existence of a classical solution for small
initial data was obtained by various authors. In the case when ¢ = ¢ MacCamy
[9] discussed the initial-boundary value problem and Dafermos and Nohel [1]
discussed both the initial and the initial-boundary value problems. In the case
when ¢ # ¢ Dafermos and Nohel [2] discussed the initial boundary value prob-
lem and Hrusa and Nohel [4] discussed the pure initial value problem. In the
initial value problem, they prove: Under suitable assumptions on the material
functions, the kernel, and the forcing term and for sufficiently small data be-
longing to H?, the Cauchy problem (1.1), (1.2) has a unique solution (U, V)
for 0 <t < o0; moreover, U,V ,U,, U, Vs, V; - 0 as t — oo uniformly
in x. As they assume that the initial data are in H?, the initial data U, and
Vo approach zero as x — *oc. The case when Up and V, approach nonzero
constant states as x — oo has not been discussed yet. In this paper we discuss
such a case when the initial data are perturbations from rarefaction waves.

As for the Riemann problem, the Riemann data problem for the scalar equa-
tions modeling (1.1) has been discussed by MacCamy [10] and Greenberg and
Hsiao [3].

The stability of rarefaction waves has been studied for viscous hyperbolic
conservation laws [7, 11, 13, 14] and hyperbolic conservation laws with relax-
ation by the energy method [5]. Therefore, it is of interest to extend the result
to the case where the dissipation is given by the fading memory. We should
note that as the rarefaction waves for which the stability is studied, we choose
the equilibrium rarefaction waves for the system constructed from the equi-
librium characteristics, A = +,/x’, and not the instantaneous characteristics
A = +Va’. The significance of the equilibrium characteristics is discussed in
[6] in conjunction with travelling waves. It is also interesting to understand
the importance of equilibrium characteristics for the rarefaction waves. In this
paper we discuss the case when o # ¢.

2. SMOOTH APPROXIMATE SOLUTION OF THE RIEMANN PROBLEM

In this section, using the idea of Matsumura and Nishihara [11], we will
construct a smooth approximate solution to (U”, V'"). In what follows, we will
use ||| to denote the L? norm and || - ||; to denote the H' norm unless it is
explicitly specified.

Consider the Riemann problem for the simplest equation

(2.1) w; + wwy, =0,

w_ x<0
2.2 ,0) = ’ ’
22) wix, 0) {w+, x> 0.

We assume that w_ < w, . Then, the solution to (2.1) is given by the centered
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rarefaction wave

w-, ¢<w-,
(2.3) w'(¢) = { ¢, w- <&<Lwy,
Wy, {>wy,
where & = x/t. We approximate this solution by the solution of the following
problem
(2.4) w,+wwy, =0, w(x,0)=wyx),
where w, is given by
Wy + W_ + (wy —w-)
2 2

The choice of wy(x) is rather arbitrary. However, it makes the following
estimates easier.

(2.5) wo(x) = tanh x.

Lemma 2.1. The problem (2.4) has a unique smooth global solution in time
satisfying the following

(w-<w(x,t)<w;, wy>0 forall xeR and t > 0.

(if) For 1 < p < +o00, there exists a C, such that for all |w| >0 and t >0

lwxllzr < Cp min(|w|, [@]'/Pe=1+1/7),
where |0 = w; —w_.
(iii) For 1 < p < +o0, there exists a C, such that for all |w|>0 and t >0
lwxxllzr < Cpmin(jad|, £7).
(iv) If w_>0, forall x<0 and t >0,
lw(x, 1) —w_| < |w|exp{-2(|x| + [w_|1)},
lwx(x, 1) < 2|w|exp{-2(|x| + |w-|£)}.
(V) If wy <0, forall x>0 and t >0,
lw(x, 1) —wy| < W] exp{-2(]x| + [w4[1)},
lwx(x, )] < 2|w| exp{-2(|x| + |w.[1)}.
(vi) lim; o0 SUP, e |W(xX, t) —w"(x/t)| =0.

Proof. Although the proof is in [11], we prove (iii) for completeness. By the
method of characteristics, the solution to (2.4) is expressed by

w(xa t) = ’U)()(Xo(x, t)) s
where xg(x, t) is given by
(2.6) X = xp(x, t) + wo(xo(x, 1))t.

Since wy is strictly increasing and smooth, xp(x, t) exists for any nonnegative
t and x € R' and is smooth. The relation (2.6) implies

from which we have wy, = w{/(xo)/(1 + wj(xo)?)* . Therefore,
0o o i,
[ toatr o s = [ st o (2229Y " s,

- / [t (xo)P (1 + wh(xo)1) % dxo,
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which yields the first inequality
lwsxllf, < llwglly, < CHlwlP.

For the second inequality, we divide the integral into two parts

s, = / + / —IL+h
x9>0 x0<0

Then, introducing y = wy(xo)t, we estimate I, in the following way:
wg(0)t
= [ o)~ (14 ) et dy
0

wg(0)¢
< 2"“t"’/ Y 1+ )% dy
0
sqrﬂ

We estimate I, in a similar way. O

Now we construct a smooth approximate solution (¢, y) of (U, V7) as fol-
lows. Let (U, Vi) € Ri(U—-, V_) be the constant state satisfying (U, , V;) €
R>(Up, V). We denote by w; (resp. w,) the solution of (2.4) with w_ =
A(V-) and wy = 41 (Vi) (resp. w— = 45(Vyy) and wi = A2(Vy)). Then, we
define (@1, y1) (resp. (92, y2)) by

(2.7) A(yr) = wy  (resp. A2(y2) = wa),
wi v2

28) or=— [ A(s)ds+U. (resp. pr = — / Aa(s)ds + Up).
V_ Vi

Now we set

(2.9) (0, w)(x, ) =(014+ 02— Un, w1 + 2 — Vi) (x, 1).

From (2.7) we see

A(wi)wie = wir, A (Wi)Wix = Wix,
where i = 1,2. Then, (2.4) implies y; + A(¥))yix = 0. Since ¢@; =
—A(¥;)Vix , We obtain y;; = @;, . Similarly,

@i = =AW Wi = X (¥i)Wix = 0’ (Vi) Yix-

From this derivation it is easy to see that (¢, ) satisfies the system
(2.10) Wi=0x, ¢:=po(¥)x+pP(¥)x,
where

p(y) = p(a(yr) + a(y2) — a(¥) — 0(Um)).
Then, (¢, ) satisfies the following
Lemma 2.2. (i) v, <0, forall xe R and t > 0.

(ii) There exists C and o (> 0) such that forall t >0, x € R, and 6
(0<6 <o),

lwx| < Clyil, |wil £C9,
(2.11) |Wxx| < Clwi, el < Clwel,  |Wxxel < Clwl,
Ipx| < C6 exp{—a(|x| + 1)}
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(iii) For p (1 < p < ), there exists C, such that for all t > 0 and J

‘12) ”'//X”LP < Cpé'/P(1 + t)—1+l/p.

(iv) For all p (1 < p < ), there exist C, and C such that for all t > 0
and 6 (0<d <4dy),

601

Iy < Cpmin(d, (1407 < Crrp s

O<ax<l,

(2.13) 2
sl < Cp > {Wixxlle + (1Wixll )}

i=1
(v) imy 4o SUPer (9, ¥)(x, £) = (U, V7)(x/1)] = 0.

We can show the above results using Lemma 2.1 and the computation carried
out from (2.7) through (2.10).

Since we consider the nonlinear perturbation of (¢, y), it is convenient to
change the dependent variables. We introduce the perturbation (u, v) from

(¢, y) as
(U,V)(x,t)=(u+(p,v+t//)(x,t), (uo,’Uo)(ﬂ:OO)=0,

where (49, vo)(x) = (u, v)(x, 0). Substituting the above (U, V') in (1.9) and
subtracting (2.10) from it, we obtain

Ut = uX )
2.14 t
(219) {u,={x<v+w)—x(w>}x+/o alt - )PV + V) dT + D,
with the initial data
(2.15) u(x,0)=up(x), v(x,0)=uv(x),

where
® = —py+a(t)p(vo+ wo)x + h.

Then, adding and subtracting fé a(t — 1)¢p(¥)x: dt, we have

Ut = ux )
216 4 W= @) = xw)e+ /0 at - 7Y + W) — $(¥))xe

+ /Ota(t - 0)(W)xr dT + ®.

Integrating the first memory term on the right-hand side, we obtain

Ul = ux,
0 { u=(0W+y)-oW)x+ /0 ad(t—=1) (@ +y)-d(y))xdt+¥,

where

¥ = /0 a(t — (W) dt + a(0)d(Wo)x + h — px.
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3. KERNELS

In this section, we summarize the properties of kernels which will appear in
this paper. We omit most of the proofs of lemmas appearing in this section,
since they are available in [2 and 4].

We now discuss the relevant aspects of the Volterra equation. Let b €
L] [0, oo) be given and consider the linear Volterra equation

(3.1) y(t) +/0 b(t—1)y(r)dt = g(1), t>0.

For each g € L} [0, o0), (3.1) has a unique solution y € L} [0, co). This
solution is given by

t
(3.2) y0 =80+ [ pe-Dz@dr, 120,
where p is the unique solution of the resolvent equation
t
(3.3) () + / b(t - D)p(r)dT = —b(1),  1>0.
0

As we will see, it is important to know the conditions under which a given kernel
isin LY(0, 00).

First, we define the resolvent kernel k associated with a’ as the unique
solution to

t
(3.4) a'(v_)k(t) + / a(t—1)¢' (wo)k(r)dr = -¢(v_)a'(t), t>0.
0
The kernel k will be used to express v, and v,, in terms of u, and v,

respectively, in §5. The requirement for k € L!(0, co) follows from

Lemma 3.1. If (1.5) and (1.6) hold, then the solution k of (3.4) belongs to
L'(0, 00). See Lemma 3.2 of [2] for the proof.

Next, we discuss the resolvent kernel r associated with —a’. This kernel
satisfies
t
(3.5) r(t) — / a'(t-vr(t)dt=ad"(1), t>0.
0
This kernel itself does not belong to L!(0, co). Nevertheless, r is the sum of
a constant and a kernel belonging to L!(0, o0).

Lemma 3.2. Suppose that (1.5), (1.6), and (1.8) hold. Then, the solution of (3.5)
can be expressed as
1

. = — >
(3.6) r(t) 2(0) +R(t), vt>0,
where R € L'(0, o).

The proof is given in Lemma 3.2 of [4].

We define another kernel M by

(3.7) M) =— /, " R(s)ds, Vi>0.

This kernel has the following properties.
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Lemma 3.3. Suppose that (1.5), (1.6), and (1.8) hold. Then, the kernel M sat-
isfies

(3.8) M € AC[0, 0o) N LY(0, 00), M(0)=1-a"(0)/a(0)? < 1.

The second property will play an important role in §5; see Lemma 2.4 of [4] for
the proof.

Lastly, in the next lemma we state the mechanism which induces the dissi-
pative effect of the memory term. For this we introduce some notations. First
for b e LL [0, o0), we set

S
(3.9) Q(z,1t,b) =/ / z(x, s)/ b(s—1)z(x, 1)dtdxds, Vte[0,T],
0 J-oo 0
for every T > 0 and every z € C([0, T]; L>(R)). We also define, for T > 0

and 0 < h < T, the forward difference operator A, of stepsize /4 in the time
variable by

Apz(x,t)=z(x,t+h)—z(x,t), Vx€R, te[0,T-h]
for every z € C([0, T]; L*(R)). Then, we have
Lemma 3.4. Suppose that (1.5) holds. Then, there exists a constant k > 0 such

that
// (x, )2dxds

(3.10) gx/ z(x, 0% dx +xQ(z,, t, a)+1c11m1nfh2Q(A,,z,,t a),

vte[0, T),
for every T >0 and every z € C'([0, T]; L*(R)).
Proof. We use the identity

a(0)A,z(x, t) = a(t)Apz(x, 0) + /la(t - 0)Apzi(x, 1)d7
0

- /t a(t—1)Ayz(x, 1)dt.
0

Squaring the above identity and integrating over x and ¢, we have

a(0)? /Ol /_oo {Apz(x, )2 dx ds
<3{/°°( dt}{/ Apz(x, O)de}
+3// {/ s—t)Ahz,(x,r)dr} dx ds
+3// {/ ‘(s — A2, r)dr} dx ds.

Note that (1.5) implies a(0) > 0, a € L?(0, o), and that there exists a positive
constant C such that

(3.12) 0<Q(v,t,e)<Q(v,t,a), Vtel0,T]
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for every T > 0 and every v € C!([0, T]; L*(R)), where e(t) =e~*, t > 0.
From (3.11), (3.12) and Lemma 4.2 of [12], we have the desired result. O

4. MAIN RESULT

In this section we state the theorem which we shall prove in the next section
and state the lemma establishing the existence of local solutions.

In what follows, we will use ||-|| to denote the L? norm unless it is explicitly
specified. Regarding the initial data uy, and vy in (2.15) and &, we require
that

(4.1) uo, uy, Uy, Vo, v§, vy € L*(R),

h, hy, by € C([0, 00); L*(R)) N L*([0, o0); L*(R)),
IAI}> € L0, 00),  h, ke, by, by € L¥([0, 00); LA(R)).
To measure the size of the initial perturbation and /, we denote

(4.2)

(4.3) I, = / (1 + (uh)? + (ug)? + 03 + (v§)? + (v§)?} dx
and
H=sup [ {h*+h2+h}}(x,1)dx
t>0 J—o00
t o)
(4.4) +// {h? + h: + h? + k% }(x, s)dx ds
0 J—oo

+ /000 (/_Z h(x, t)|dx>4/3 dt.

Then, we have the following

Proposition 4.1. Suppose that ¢ and ¢ satisfy (1.4) and (1.12), that a(t) satis-
fies (1.5), (1.6), and (1.7), and that ugy, vy, and h satisfy (4.1) and (4.2). Then,
there exists a constant € > 0 such that if

(4.5) 6+ +H<e,

the initial value problem (2.17), (2.15) has a unique global solution (u,v) €
CY (R x [0, 00)) satisfying

U,V, U, Vs, Ux, U, Uyt Uxes Uxx

4.6

(46) € C(10, 00); L2(R)) N L([0, o0); LX(R)).
Furthermore,

(4-7) ut ) 'Ux > vt ) ull ’ vtt ) vxt ’ Uxx € LZ([O, 00)3 LZ(R)) 1)
(4.8) u,, vy, vx — 0in L*(R) ast— oo.

Proposition 4.2. Proposition 4.1 implies Theorem 1.1.
Proof. Note that
(o, vo)ll < (o = Ug, Vo = V)l + it (x, 0) = U, w(x, 0) = )|
< |(Uo = U, Vo - VIl + C8,
”(qu, 'UOx)Hl < ”(UOx > Vbx)”l + ||(¢(x, 0)x, W(x> O)x)”l
< I(Uox > Vax)lli + Cé.
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Therefore, I1y is bounded by X,. Also note that
sup |(U, V) —(U", V")| < sup|(u, v)| +sup|(, y)— (U", V"),
XER XER X€ER
supu’ < 2l|ul |luxll, and supv? < 2| [lull.
XER XER
Hence, (4.6), (4.8), and (v) in Lemma 2.2 imply (1.18) in Theorem 1.1. O
In order to prove Proposition 4.1 we need the local solution in time. This is

provided by the following

Lemma 4.1. Suppose that the assumptions (1.4), (1.12), (1.5), (1.6), (1.7), (4.1),
and (4.2) are satisfied. Then, there is a unique solution (u, v) € C'([0, Ty) x R)
of (2.17) defined on a maximal interval [0, Ty), Ty < oo, such that for T €
[0, To)
U, V, U, Ur, Ux, Utrs Vgt s Uxt Uxx

€ C([0, T]; L*(R)) N L>([0, T]; L*(R)).

Furthermore, if Ty < o, then

(4.9)

o0
(4.10) / (W +vi+ul + o2+ o2+ ud +v2 + 02 + vl x, )dx - oo
. -0

ast— Ty.

The proof is essentially the same as in [2]. Therefore, we omit the details.

5. PROOF OF PROPOSITION 4.1

The proof is based on the energy method. In what follows, C will denote
generic positive constants which may be large. It is convenient to define

oo
E(t) = sup/ {2 + 02 + w2 + 02+ 02+ +vE+vE + 02 M, s)dx,
0<s<tJ -0

t oo
F(t)=/ / (2 +vE+vi+ud + v+ + v }x, s)dxds.
0 J-oo

Choosing a sufficiently small positive number u, we modify ¢ smoothly outside
the interval [min(v_, vy) — u, v, + 4] so that ¢” is identically zero outside
the interval [min(v_, vy) — 2u, v,, + 2u] and choose g and @ such that

0<ag<d' (<7, VeR

Since ¢” is identically zero outside the above interval, ¢”(¢) and ¢”/(¢) have
finite maxima in ¢ € R. This modification will not alter the problem, since we
will see posteriori that v € [min(v_, vy) — i, Uy + u].

As is discussed in the previous section, we normalize a(t) so that a’(0) = —1.
After the differentiation of (2.17b) with respect to ¢, we have

U = Ux,
(5.1) U = (0 +¥) = 0(¥)x = (d(v + ¥) — d(¥))x

+ / a"(t = 7)(B(v + ¥) — $(¥))x dT + ¥,
0
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Using (3.5) and Lemma 3.2 to solve (5.1) for (¢(v + ) — é(¥))x , we obtain

Ut = Uy,
(5.2) { Uy +auy =0V +¥) —0(¥))x +a(x(v+y) - x(¥)«
+¥ +a¥ +[R+{(a(v+y)-0a(y¥))x —u+ ¥},

where a = 1/a(0).
First, we obtain an estimate for

0o t [¢ ]
(5.3) / (2 + v} (x, t)dx+/ / (welv? + 12 + v2 + v2}(x, 5) dx ds.
—00 0 J—oo

For this purpose, we multiply (5.2b) by # and integrate over [0, ] x R, 0 <
t < T. Using integrations by parts with respect to x and ¢, we obtain

a/oo{;u + W(v, y/)}(x tdx+a// Z(v, v)w(x,s)dxds

// o' (v + w)vi(x, s)dxds—// u?(x, s)dxds

—_-/_oo{zau, +aW (v, v) + uu, — u}(x, 0)dx
+/_Z{‘I’u—uu,}(x, t)dx

(5.4) o
+ /_ R {00 +y) = o)) — e+ ¥H(x, 1) dx
-/ ' [ @@ v - wipadx, sdxds
_ /0 ' / Z ulR* {(0(v + ) - o(w)x — s+ ¥})(x, 5) dx ds
+/Ot/_c:‘l’(au— w)(x, s)dxds,
where

vty
W, y) = / x(2)dz - x (W),

v
Zw,y)=x(v)—x(w+wy)+x'(w).

To eliminate the term [f; [* u?(x, s)dxds, we make another identity.
Multiplying (2.14) by u, and mtegratmg over [0,f] xR, 0 <t < T, we
have
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// (%, s d"ds—// X0+ y)wi(x, s)dxds

- - / (X + ) — x(W))vi(x, 1) dx

+ [ @+ ) - xwuix, 0)dx
(5.5) e

t poo
B /0 /_ X' +y) =1 (W)wovlx, s)dxds
+/0 /_°° ulax¢(v + y)xl(x, s)dxds

t 0o
+ / / Duy(x, s)dxds.
0 J-o0

Adding (5.4) and (5.5), we obtain
(5.6)

a/_Z{%u2+W(v, a//)}(x, )dx
// {aZ (v, ¥)y; +a(0)¢' (v + w)v2}(x, s)dx ds

= /°° {%au +aW(, y)+uu, —Yu+ (x(v+y) —x(w))v,}(x, 0)dx

—00

+hLh+ L+ L+ 1L+ 1s+ 1+ 17,
where

n=[ " U= g — (10 + ) - 1))} (x, £ dx
n=[ TR (00 + ) — 0 (W) — i+ BHI(x, 1 dx,
- /0 / T a(0)(¢(w + v) — $ () wiui(x, ) dxds,
-/ ' | wlR e (00 + ) ~ o)~ ¥))x, $)dxds,
= | ’ / Z uila x (v + W)udl(x, 5)dx ds,

I‘;=/I/oo (®—-Y)u/x, s)dxds,

I; = // aYu(x, s)dxds.

We estimate the terms in (5.6) in the following way. First, we note that because
of the assumptions on ¢ and ¢

(5.7) W, y)>Cv?,
(5.8) Z(v, ¥y > -Coly, >0




658 HARUMI HATTORI

for some positive constant C. The terms in I, through I; are estimated in
the following way.

|I,|5y/ {u2+v2}(x,t)dx+%/ (9?2 + u? +v2}(x, t)dx
sy/ {u2+v2}(x,z)dx+c/ {u2 +v2}(x, t)dx + C(6® + H),

|| < y/ ul(x, t)dx + ¢ sup / (u? +v2)(x, s)dx

—o0 Y 0<s<t,x€R
o0 o0

+952/ 'vz(x,t)dx+£/ W2(x, 1)dx,
7’ ) 7 o

t o]
B<C [ [ Qo + wiod)e, s) dxds
0 J—oo
t 00
< Cé‘/Z/ / {wilv? + v2}(x, 5) dx ds.
0 J-o©
In the above estimates the inequalities such as

(5.9) |AB| < yA®2+ B%*/4y, VYy>0

have been used. There are a few terms with % . This does not affect the estimates

since we either will have these terms (see (5.16)) or can control them by choosing
small values of § or H. Therefore, we will include it in C. We estimate I,
using the kernel M defined in §3. From (2.17) we see

(c(v+y)—0o(y))x —u+¥
=a(0)(d(v + w) — d(¥))x — a(t)(é(vo + Wwo) — d(Wo))x

- [ alt - 1) + ¥) - B d
Then,
Li=a() [ / IR (60 + ) = 6(v)eI(x, 5) deds
+f [ IR al(5)($(to + o) — d(yo))stilx, 5)dxds
+f [ R s a0+ ) - S Ddlr. ) dxds.

Using M in (3.7), we can rewrite the first term in the above relation

Rx(p(v+y)—od(w))x = —M(0)(d(v + v) — ¢(¥))x
+ M(t)(¢(vo + o) — d(W0))x + M x (d(v + ¥) — d(W))x:-
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Therefore,
o= - aOMO) [~ @'+ ) - #W)ulx. ndx
aOMO) [ (¢ + )~ $wulx, 0)dx
aOMO [ [ 18w+ i+ @@+ v - Fmodx, s)dxds
- [ [ - R sy + vo) - dludsaatx  5)dds

B /0 /_oo u{[M — Rxal*(p(v + ¥) — d(¥))xe}(x, 5) dxds.

Denote each term in I4 by Is,, i=1,...,5, in the order. As the terms I, ,
i=1,2,3, can be estimated in the same way as I;, i=1, 2, 3, we show an
estimate for Iy, .

_ / / - / T M(s = 1) + 1) — $(W))xelx, T)d(x, 5)dx ds

// /Rs—r)
: /0 a(t — p) (@ + ) — d(W))wi(x, w)dpd(x, s)dxds.

Since the estimate for the first term is similar to the second term, we indicate
how the second term is estimated. It should be noted that M, R, and a €
L'(0, oo) is crucial. Using Holder’s inequality and then Fubini’s theorem, we
have

/Ot /_Z {u, /Os R(s-1) /01 a(t—p) (¢ + ¥) — d(W))xe(x, 1) d,ud‘t} dxs

Ce([ i)
IR
(B0 + 1) = Bl H) i dr}zdxs] ;
el o)
. [m/o’{/osm(s—r)l

T 1/2
: (/0 la(t — Wl lI(¢(v + ) - ¢(l//))xz||2du) df} dS]
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t o] l/2
SC(// uf(x,s)a’xds)
0

x(m)[/ / {vxt+v 'Uz +V/xvt +'//t ,3
12
+yiv? + yiyto?i(x, s)dxds|

where R = [[°|R(t)|dt and A = [;°|a(t)| dt. Therefore, we have the following
estimates for I, .

|I4|<CU0+8/ v3(x, t)dx+C/ vi(x, t)dx
a(0)M(0) // ¢'(v+ w)vi(x, s)dxds
+C6'/2// lwi|v3(x, s dxds+C6'/2// vi(x, s)dxds

+C sup / u?(x, t)dx

0<s<t,x€ERJ -

t 00 1/2
+C (/ / u,z(x,s)dxds)
(// {vxt+vvt+'//xvt+Wt

1/2
+yio? + yiviv?(x, s)dx dS) :

We should note that M(0) < 1. Hence the fourth term in the above estimate
can be absorbed in the left-hand side of (5.6). The estimate for Is is identical
to the one for the last term in I, . The estimate for I is done as follows:

[Is| < C (/Ot/_:u,z(x, s)dxds)l/2 (/Ot/_i{d>2+‘l’2}(x, s)dxds)

Using Sobolev’s embedding theorem, Young’s inequality and Lemma 2.2 we
have the following estimate for I7:

1/2

t t
Il < C /0 el 2 | | /21 1 (5) ds < CE(2)'/4 /0 (el + 12132 (5) ds
< CE@)Y4(6Y% + H + F(1)).

Note that terms with coefficient ¢ and J can be absorbed in the left-hand side
of (5.6) if the rarefaction waves are weak. Therefore, the above estimates, (5.6),
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(5.7), and (5.8) yield

00 t [e ] t (o]
/ {u?® +v2}(x, t)a'x+/ / |t//,|v2(x,s)dxds+/ / v}(x, s)dxds
—00 0 J—oo 0 J—o0

<CUy+C sup /{u,2+v,2+v§}(x,s)dx

0<s<t, x€R
t poo 1/2
<// {<I>2+‘I‘2}(x,s)dxds)
0 J-oo

t poo 1/2
+C</ / uf(x,s)dxds)
0 J—oo

t poo 1/2
+ (/0 / (v, + v2v2 + ol + y2u? + yiytv?}(x, s)dx ds) ]

+ CE(1)/4('/6 + H + F(1)).

We need estimates for [ [ u}(x,s)dxds and [ [* v2(x,s)dxds.

The estimate for fot I u}(x, s)dxds is done from (5.5):
(5.11)

t 00
/ / u?(x, s)dxds
0 J—o0o

00 1/2 ) 1/2
<CUy+C (/ v2(x, t)dx) (/ vi(x, t)dx)

t o] t o]
+ C/ / vi(x, s)dxds + Cd/ / lwilvi(x, s)dxds
0 J-oo 0 J-—o0

+C(/ot/_o;u,z(x,s)dxds)]/2
. [(/ot/_o;d)z(x,s)dxds>l/2

t o0
4(A/'wﬁ+ﬁﬁ+Wﬁ+ﬁW+%+%MLﬂ““y?

To obtain an estimate for fot [ v%(x, s)dxds, we rewrite (2.17b):

(5.12) o
t

u, =o' (V-)vy +/ a(t—1)¢' (Vo) )uedr
0

L0+ W) — ' (V))vs + (@0 + 1) — (W)W
+ /0 (=D 0+ ) — F(V)ox + (0 + ¥) — (W) wald + V.

Setting

G(x,t)=u—(a'(v+y)-d'(V))vx
t
- /0 a'(t - (v +y)—¢'(V)vx = (¢'(v + ) - ¢' (W) yxldT = ¥,
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and using the kernel k defined in (3.4), we see that (5.12) is rewritten as
t
(5.13) (Vv =G +/ k(t-1)G(x, 1)dT.
0

Squaring (5.13), integrating over [0, t] x R, 0 <t < T, and using Holder’s
inequality and Fubini’s theorem in the same way as for the estimate of I, , we
arrive at

// 2(x, sdxds<C// u?(x,s)dxds

+C// (v? 4+ 6H)vi(x, s)dxds
0 J-oo
t 00 t (e )
(5.14) +C// yltzvz(x,s)dxds+C// Y2 (x,s)dxds

<C// u?(x,s)dxds+ C(E +52// vi(x, s)dxds

+5// lwi|v?(x, s)dxds + 6%+ H.
0 J—oo

We add (5.10), (5.11), and (5.14) and use the inequality (5.9). Knowing that
d, |w|,and |y,| are small, we have

0o t o
/ (12 +v2}(x, ) dx +f / lwlv2(x, 5)dx ds
—00 0 J—o0

t oo
+/ / {u? +v2 +v2}(x, s)dxds
0 J—oo

(5.13) <CUp+C sup / (U2 +v? +v2}(x, s)dx
0<s<t,x€ERJ -0

+ C(8YS + HYE(1)'/* + C/t /oo v3,(x, s)dxds
0 J—©
+CEM*+E(t)+6Y)F(t)+ C(0 + 6%+ H).

Next, we obtain an estimate for

o0
/ (2 + v + 02+ +vE + v+ ) (x, 1) dx
— 00
(5.16) o
+// (12 + v2 + 02, + 02, }(x, 5) dx ds.
0 J—oo

For this purpose, first we multiply (2.14) by ¢(v + ¥)x; and integrate over
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[0,tf] xR, 0<t<T. Then, we have
(5.17)

/_ ) {%df('v + )i + %x’(v +y)e' (v + w)vi} (x, )dx
+Q(o(V + ¥)u, 1, a)

= / ” {%(ﬁ'(v +y)v} + %x’(v + )¢ (v + w)v?

—00

+¢'(v+ u/)c//,'v,}(x, 0)dx
- /_O; (v + w)ww(x, 1) dx
+ /0 t /_ Z {¢”(v + W)+ w)wiv + ¢ (v + vy,
+ %d)”(v +¥) (v + y)o?
W+ W W+ )+ L )PV + W)+ v
—x(+¥)¢' (v +¥)yxvx = (X' (v +y) = X' ()
¢"(V + W)y (v + Y (v + wx)}(x, s)dxds

+ /ot /_O; Dp(v + W)u(x, s)dxds.

The terms on the right-hand side of (5.17) are rather routinely estimated. For
example,

’/ (v + w)w(x, t)dx'<y/ vi(x, t)dx+—/ wr(x, t)dx

<y/ w2 (x, tdx+C(5

‘/ot /_o; X0+ )¢ (v + ) Wxvx(x, s)dx ds

t o]

<€ [ [t + w021 x, 5)dxds
0 J-oo

< Co*P + C8'V2F (1),
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l<j>”(v +u) (v, + w)vi(x, s)dxds

t 00
< C( sup |v,|+6)/ / vi(x, s)dxds
0<t,x€R 0 J-oo

t [e ]
gC(E(t)1/2+6)/ / vi(x, s)dxds,
0 J—co

/ T+ ¥) = £ (W) (0 + W)W (vr + W) (s + v)(x, ) dx ds

<c [ [T v uiit + ui+ vin + wiid)(x, o) dxds
+C sup |v|// (v} +v3)(x, s)dxds
0<t,x€ER 0 J—oo

< C(E()'2 +6?) /t /oo (w2 +v2)(x, 5)dx ds
0 J—0

t 00
+ ca/ / lwilv3(x, s)dx ds + C3,
0 J-—oo

Vt /°° PH(v + Y)x(x, 5)dx ds

(// D% (x, s)dxds)l/2

12
(// {'Uxt"'v Ut+vat+'//tU +‘//xt+'//x'//t}(x s)dxds)

< CVH+6+\F(t)+ C(E(t) + 6*)F(t) + C(H +9).

Combining the above estimates, we have

[ i o, 0dx + 060 + vhars 1, )
< C/oo {v2 +v2}(x, 0)dx

t 00
+ ca/ / lilv2(x, s)dxds + C/H +oVF
0 J-oo
+CE®'2+E@W)+E()?+6Y24+6+6*)F(t)+ C(H +9).

(5.18)

To obtain the next identity, we apply the forward differentiating operator A,
to (2.14) and multiply it by A,é(v + y)x. Then, we integrate the resulting
equation over [0, {]x R, 0 <t < T. After the integrations by parts, we derive
it by A% and let A | 0. From this we have
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(5.19)
| 30w+ un e x 0+ 0@+ vk 0 dx
+lim 2 OBV + V)t 1, )
= [ @ aw+ )8 0+ wd)(x, ) dx
+ [ 80+ Wa((@ (00 + vo)tox + Voe(x, 1) dx

t poo
- /0 /_oo (v + W)x:a'(s)(¢l(v0 + wo)(tox + Wox))x(x, ) dxds

// { d(v + ¥) (v + Y)vh

+ = (' + WP + W) VZ + x(V + W)VxiWxne

N —

=X+ y) = X (W)Wxe + X" (v + W) (Vxve + Yrx + Yxvr)
+ (X" +w) = X" (W) yxvilyxn
+ X' (W + ¥)2¢" (v + v (Vxe + Yxr)
+¢" (U + W) (Ux + Yx) (W + W) + " (V + W) (0 + Y1) (0x + Yx)luxe

FIX W+ W) = X (W)wxe + 1" ( + W) (Vxvr + Yrvx + Yxvr)

+ (X" +y) = 1" (W)l
< [20" (v + W) (s + W) (Vs + W) + ¢ (U + W) (Vx + W) (V1 + W)

+¢"" (v + w)(ux + wx) (v + w,)zl}(x, s)dxds

t 00
- / / (v + W)ul(x, 5)dx ds
0 J-—oo

The terms on the right-hand side in (5.19) are also estimated routinely. For
example,

}/Ot/w Du1d(v + W)u(x, s)dx ds

/ / O {d" (v + W) (00 + wi)? + &' (v + W) (v + wi)}(x, 5) dx ds

(5.20) < C(/ / 2, (x, s)dxds)l/2 (/ / vi(x,s) dxds)]/2

+c/ / (@2, + 08 + v + w2)(x, s)dxds
0 J—-o0

< CVH+6+\/F(t)+ CH+ CE(t)F(t) + Cé.
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The above estimate and other estimates imply

° .1
| @+ w2 x, D dx 4 im 0860 + ¥)ae, 1, @)
< c/ (V2 + 02} (x, 0)dx

t (e ]
+C6/ / \wilo2(x, s)dxds + CVH+ ov/F
0 J—-oo

CEM P+E@M)+EW)*+6+6)F(t) + Cé.

(5.21)

Then, adding (5.18) and (5.21) and using (3.10), we find
(5.22)

(e o] t (e o]
/ {v,2+v§+v,2,+v§,}(x,t)dx+// v2,(x, s)dxds
—00 0 J—oo
<c [ (P +oleod+ui)x, 0)dx
t 00
+C6// ly[vi(x, s)dxds+ CVH+6VF
0 J—oco
+CEMDV+EW)+EW)?+E(W)?+82+6+6Y)F(t)+ C(6 + H).

We need the estimates for ff°oo u?(x, t)dx. Squaring (2.14) and integrating
over R
(5.23)

/_w ui(x, 1) dx < C/oo ((x( +¥) = x(W)x)*(x, 1) dx
+C/ (/ (t=1) (“+V’)xrd1)2(x t)dX+C/ @*(x, 1) dx

<CH+C/ 2(x, t)dx+C52/ v (x, 1) dx

—00

+C// (v} + o2} + ylol + wiok + v + wivl}(x, s)dx ds

<CH+C / vi(x, 1) dx + CO2E(1)
t [e )
e / / w2 (x, 5)dx ds + C(E(f) + 82)F (1) + C(6 + 6% + H).
0 J—oo

To obtain estimates for u;, , we differentiate (2.14):

Uy = (X +w) = x(¥)xt +a(0)d(v + ¥)x:

(5.24) N /‘ &t - 1) + W)x dT + D,
0

Taking the square and integrating over R and [0,¢]x R, 0 <t < T. We
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obtain
(5.25)

/ Y (x, ndx < C / " W2 (x, t)dx + C(E(t) + 82)E(1)

+ c/’ /m v2,(x, s)dxds + C(E(t) + 62)F () + C(6 + 8% + H),
0 J—o
(5.26)

t o] t 00
/ / uX(x, s)dxds < C/ / v} (x,s)dxds
0 J-oo 0 J—o0

t poo
+C6/ / lwi|v3(x, s)dxds + C(E(t) + 6*)F(t) + C(6 + 6> + H).
0 J—oo

To estimate f(; ff°°o v2(x, s)dxds, we use the identity obtained by the integra-
tion by parts and the density argument:

t o] t (¢
/ / vi(x,s)dxds = / / ul,(x, s)dxds
0 J-o0 0 J—oo

t ) 00
=/ / UnUxx(X, S) dxds—/ Uy (X, t)dx
0 J-oo —00

(5.27) +/ Ulxx(x, 0)dx

t [e9] [e9]
= / / U Ux(X, S)dx ds — / UUxs(X, t) dx
0 J—oo <)

+/ UVx(x, 0)dx.

Then, from the above identity we have

t poo 00
[ [ v saxasscupre [~ + o2y, nax
(5.28) 0 J—oo —o0

+ C/Ot /oo (W2 +v2}(x, s)dx ds.

To obtain an estimate for vx;c,”we differentiate (5.13):
(5.29) 0'(V_)Uxx = Gx + /Ot k(t—1)G(x, 1)y d1.
As ke L1(0, 00) , We see

/oo vi (x, t)dx
(5.30) - -
<C / vi(x, t)dx + C(E(t) + 62)E(t) + C(6* + H),

t poo t poo
/ / vl (x,s)dxds < C/ / vi(x,s)dxds
(531) 0 J-oo 0 J—o0o

t o)
+ C(E(t) + 6?)F (1) + Co / / lwiv(x, s)dx ds + CH.
0 J-o0
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Combining the above estimates, we have
(5.32)
o0

{2 +v2 + 02+ +v2+ 02 + 02} (x, t)dx

—00

t o]
+// (U +v2 + 02 + 02 }(x, s)dxds
0 J—oo
< CUy+ C(E(t) + HE(2)
t 00
+ca// Wilv2(x, s)dx ds + CVH + 3v/F
0 J-—oo

+CEWMVP+EW)+EW)*+E()*+62+6+61)F(t)+ C(6 + H).

Finally, (5.15) and (5.32) imply
(5.33)

E()+F(t) + /Ot /_0; lwilv?(x, s)dx ds
< CUy+ C(6Y5 + HYE()'/* + C(E(t) + 6Y)E(2)
+C6/0t/_2|y/,|v2(x, s)dxds+CVH+VF
+CED*+ED2+EW)+E@)?+E@t)? +62+8 +6%)F(1)

+C(6 + 6%+ H).
Therefore, as far as E(t) < u and J < Jy, using (5.9) we finally arrive at the
estimate
(5.34)  E(0)+F(t / / lwilv2(x, s)dx ds < C(Up + 0 + H).

So, if we take the initial data to be pg < #/4C and dy + H < u/4C, then as
far as E(t) < u we have

(5.35) E(t) + F(0) // o2 (x, s)dxds<

which shows E(¢) is actually smaller than x. Now invoking Lemma 4.1, we
conclude that T = co. This estimate yields (4.6) and (4.7), and consequently
(4.8). This completes the proof.
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